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m-MICROLOCAL ELLIPTIC PSEUDODIFFERENTIAL
OPERATORS ACTING ON Lp
loc
(Ω)
GIANLUCA GARELLO AND ALESSANDRO MORANDO
Abstract. In the first part of the paper the authors study the minimal and
maximal extension of a class of weighted pseudodifferential operators in the
Fréchet space Lp
loc
(Ω). In the second one non homogeneous microlocal prop-
erties are introduced and propagation of Sobolev singularities for solutions to
(pseudo)differential equations is given. For both the arguments actual exam-
ples are provided.
0. introduction
Let us fix the attention on the pseudodifferential operator with classical quanti-
zation defined by:
(0.1) a(x,D)u = (2π)−n
∫
eix·ξa(x, ξ)uˆ(ξ) dξ, u ∈ C∞0 (Ω),
where uˆ(ξ) is the Fourier transform of u ∈ C∞0 (Ω), Ω open subset of R
n. The
symbol a(x, ξ) is considered in the Hörmander local symbol classes Smρ,δ(Ω), m ∈ R,
0 ≤ δ < ρ ≤ 1. The problem of Lp boundedness, 1 < p < ∞, when ρ = 1 is com-
pletely solved from the beginning of the pseudodifferential operators theory. The
same is true for the study of the regularity of solutions to elliptic pseudodifferential
equations.
The matter is completely different when we consider ρ < 1. Feffermann in [6], 1973,
proved that an operator a(x,D) with symbol in the class S−mρ,δ is bounded into L
p
if n(1− ρ)
∣∣∣ 1p − 12 ∣∣∣ ≤ m < n2 (1 − ρ), the result is sharp.
Also the generalized weighted symbol classes introduced by R. Beals in [2], [3], [4]
require that δ < ρ = 1 for obtaining Lp bounded zero order pseudodifferential op-
erators, see [4, §1].
M. E. Taylor in [22, §XI] introduces the subclass Mmρ (Ω) of the symbols a(x, ξ) in
Smρ,0(Ω) such that ξ
γ∂γξ a(x, ξ) ∈ S
m
ρ,0(Ω), for any multi-index γ ∈ Z
n
+ which has only
components equal to zero or one. M0ρ (Ω) defines a class of L
p bounded pseudo-
differential operators which moreover satisfy local regularity properties when their
symbols are elliptic, see [22], [10].
Results of Lp continuity for pseudodifferential operators with symbols a(x, ξ) in
weighted Sobolev and Besov spaces, with respect to the x variable, which satisfy
suitable estimates at infinity on the derivatives with respect to ξ, can be found
in [9], [11], [12], togheter with the regularity for the respective weighted elliptic
operators.
In the present paper, following the approach of Rodino [20], we introduce a class of
local vector weighted symbols: Sm,Λ(Ω) where m(ξ) and Λ(ξ) = (λ1(ξ), . . . , λn(ξ))
2000 Mathematics Subject Classification. Primary 35S05, ; Secondary 47G30,46E35.
Key words and phrases. pseudodifferential operators,weighted Sobolev spaces.
1
2 GIANLUCA GARELLO AND ALESSANDRO MORANDO
are positive continuous weight function and weight vector. The corresponding pseu-
dodifferential operators will be called in the following m-pseudodifferential opera-
tors and they could be considered in the frame of general pseudodifferential cal-
culus of R. Beals [2], Hörmander [16]. Thanks to the assumptions on the weight
vector Λ(ξ), the classes Sm,Λ(Ω) satisfy a condition of Taylor type and the m-
pseudodifferential operators are Lp continuous when the weight m(ξ) is bounded,
see [10] and the next Theorem 1.9
Relying on these arguments we construct in §2 the minimal and maximal exten-
sions in the local Fréchet space Lploc(Ω) for the m-pseudodifferential operators with
m(ξ) general unbounded weight, see [25] for similar arguments in the global Banach
space Lp. When a(x, ξ) is elliptic in generalized sense, with respect to m(ξ), we
prove that the minimal and maximal extensions coincide and they have as domain
the weighted local Sobolev space Hpm,loc(Ω).
The second aim of the paper is the study of the microlocal properties of m-
pseudodifferential operators. From this point of view the main problem consists
in the complete lack of any homogeneity property of the weights m(ξ) and Λ(ξ).
For this reason the set of the points where the symbol a(x, ξ) ∈ Sm,Λ(Ω) is not ellip-
tic, say them-characteristic set of a(x,D), has not any conic properties with respect
to the ξ variable. Thus for describing the microlocal Sobolev regularity of a distri-
bution u ∈ D′(Ω), we cannot use the conic neighborhoods as done in the classical
definition of the Hörmander wave front set, see [17, I]. Also the quasi-homogeneous
neighborhoods introduced by Lascar [18], se also [13], are not useful in this case.
For this reason in §3, following the arguments in [20], [7], [14] using a suitably de-
fined neighborhood of any set X ⊂ Rnξ , we introduce the concepts of characteristic
filter of a m-pseudodifferential operator and of filter of weighted Sobolev regularity
of u ∈ D′(Ω). We can then give a result of microlocal propagation of singularities
for solutions to (pseudo)differential equations. Some applications to linear partial
differential operators are given in the last §4.
1. m-pseudodifferential operators on Lp
Notations. For χ(ξ), κ(ξ) positive continuous functions of ξ ∈ Rn and C, c
positive constants, we set:
• χ(ξ) ≍ κ(ξ), if c ≤ χ(ξ)κ(ξ) ≤ C, for any ξ ∈ R
n;
• χ(ξ) ≈ χ(η) in a domain D if c ≤ χ(η)χ(ξ) ≤ C , for any ξ, η ∈ D;
• 〈ξ〉 =
√
1 + |ξ|2;
• K ⊂⊂ Ω when K is a compact subset of Ω.
Definition 1.1. A vector valued function Λ(ξ) = (λ1(ξ), . . . , λn(ξ)), ξ ∈ Rn, with
positive continuous components, is a weight vector if there exist positive constants
C, c such that for any j = 1, . . . , n:
c〈ξ〉c ≤ λj(ξ) ≤ C〈ξ〉
C (polynomial growth);(1.1)
λj(ξ) ≥ c|ξj | (M-condition);(1.2)
λj(η) ≈ λj(ξ) when
n∑
k=1
|ξk − ηk|λk(η)
−1 ≤ c (slowly varying condition).(1.3)
A positive real continuous function m(ξ) is an admissible weight, associated to the
weight vector Λ(ξ), if for some positive constants N,C, c
m(η) ≤ Cm(ξ) (1 + |η − ξ|)N (temperance);(1.4)
m(η) ≈ m(ξ) when
n∑
k=1
|ξk − ηk|λk(η)
−1 ≤ c.(1.5)
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Considering η = 0 and ξ = 0 in (1.4), it follows that c〈ξ〉−N ≤ m(ξ) ≤ C〈ξ〉N .
It is trivial that any positive constant function on Rn is an admissible weight asso-
ciated to any weight vector Λ(ξ).
Consider Λ˜(ξ) ≍ Λ(ξ), that is λj(ξ) ≍ λ˜j(ξ), j = 1, . . . , n, then Λ˜(ξ) is again a
weight vector. Similarly m˜(ξ) ≍ m(ξ) an admissible weight.
Example 1.2. (1) Consider the function 〈ξ〉M =
(
1 +
∑n
j=1 ξ
2mj
j
)1/2
, the so-
called quasi-homogeneous weight, where M = (m1, . . . ,mn) ∈ Nn and
min
1≤j≤n
mj = 1. Then ΛM (ξ) =
(
〈ξ〉
1/m1
M , . . . , 〈ξ〉
1/mn
M
)
is a weight vector.
(2) Assume that the continuous function λ(ξ) satisfies (1.1) and the strong
slowly varying condition
(1.6) λ(η) ≈ λ(ξ), when for some c, µ > 0
n∑
j=1
|ηj − ξj |
(
λ(η)
1
µ + |ηj |
)−1
≤ c,
then the vector Λ(ξ) :=
(
λ(ξ)
1
µ + |ξ1|, . . . , λ(ξ)
1
µ + |ξn|
)
is a weight vector,
see [14, Proposition 1] for the proof. In such frame emphasis is given to
the multi-quasi-homogeneous weight functions λP(ξ) =
(∑
α∈V (P) ξ
2α
)1/2
,
where V (P) is the set of the vertices of a complete Newton polyhedron P
as introduced in [15], see also [5]; in this case, the value µ in (1.6) is called
formal order of P . For some details see Section 4
(3) For any s ∈ R, the functions 〈ξ〉sM , λ(ξ)
s are admissible weights for the
weight vectors respectively defined in 1. and 2.
Remark 1.3. Consider the function λ(ξ) such that λ(η) ≈ λ(ξ) when |η − ξ| <
cλ(η)
1
µ , for suitable positive constants µ, c. Since |ξ − η|µ ≤ cλ(η) implies λ(η) ≤
Cλ(ξ) ≤ Cλ(ξ) (1 + |ξ − η|)µ, using moreover (1.1), we obtain that λ(ξ) satisfies
the temperance condition (1.4) with constant N = µ.
Proposition 1.4. For Λ(ξ) = (λ1(ξ), . . . , λn(ξ)) weight vector, the following prop-
erties are satisfied:
i) the function:
(1.7) π(ξ) = min
1≤j≤n
λj(ξ), ξ ∈ R
n
is an admissible weight associated to Λ(ξ) and it moreover satisfies (1.6),
with µ = 1;
ii) If m,m′ are admissible weights associated to the weight vector Λ(ξ), then
the same property is fulfilled by mm′ and 1/m.
Proof. In view of (1.2) and (1.7), the assumption
n∑
k=1
|ξk − ηk| (π(η) + |ηk|)
−1 ≤ c
directly gives
n∑
k=1
|ξk − ηk|λk(η)
−1 ≤ c˜, where c˜ > 0 depends increasingly on c.
Then for suitably small c, we obtain from the slowly varying condition (1.3) and
some C > 0: 1Cλj(ξ) ≤ λj(η) ≤ Cλj(ξ), for any j = 1, . . . , n. It then follows:
1
C π(ξ) =
1
C minj
λj(ξ) ≤ π(η) = min
j
λj(η) ≤ Cmin
j
λj(ξ) = Cπ(ξ). Thus π(ξ) satis-
fies (1.6) and in the same way we can prove that it fulfils (1.5). Then by means of
the previous remark, i) is proved.
m(η) ≤ Cm(ξ) (1 + |ξ − η|)N ⇐⇒ 1/m(ξ) ≤ C1/m(η) (1 + |ξ − η|)N ; then inter-
changing ξ and η we immediately obtain that 1/m is temperate. It is then trivial
to prove the remaining part of ii). 
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Definition 1.5. For Ω open subset of Rn, Λ(ξ) weight vector and m(ξ) admissible
weight, the symbol class Sm,Λ(Ω) is given by all the functions a(x, ξ) ∈ C∞(Ω×Rn),
such that, for any K ⊂⊂ Ω, α, β ∈ Zn+ and suitable cα,β,K > 0:
(1.8) sup
x∈K
|∂αξ ∂
β
xa(x, ξ)| ≤ cα,β,Km(ξ)Λ(ξ)
−α, ξ ∈ Rn
where, with standard vectorial notation, Λ(ξ)γ =
∏n
k=1 λk(ξ)
γk .
Sm,Λ(Ω) turns out to be a Fréchet space, with respect to the family of natural
semi-norms defined as the best constants cα,β,K involved in the estimates (1.8).
Henceforth Λ(ξ) will always be a weight vector and all the admissible weights
m(ξ) will be referred to it.
Remark 1.6. (1) Considering the constants C, c in (1.1) and N in (1.4), the
following relation with the usual Hörmander [17] symbol classes Smρ,δ(Ω),
0 ≤ δ < ρ ≤ 1, is trivial:
(1.9) Sm,Λ(Ω) ⊂ S
N
c,0(Ω) .
(2) If m1,m2 are admissible weights such that m1 ≤ Cm2, then Sm1,Λ(Ω) ⊂
Sm2,Λ(Ω), with continuous imbedding. In particular Sm1,Λ(Ω) = Sm2,Λ(Ω),
as long as m1 ≍ m2.
When the admissible weight m is an arbitrary positive constant function,
the symbol class Sm,Λ(Ω) will be just denoted by SΛ(Ω) and a(x, ξ) ∈ SΛ(Ω)
will be called a zero order symbol.
(3) Since for any k ∈ Z+ the admissible weight π(ξ)−k is less than Ck〈ξ〉−ck,
for m admissible weight we have⋂
k∈Z+
Smπ−k,Λ(Ω) ⊂
⋂
N∈Z+
S−N1,0 (Ω) =: S
−∞(Ω) .
On the other hand a(x, ξ) ∈ S−∞(Ω) means that, for any µ ∈ R, K ⊂⊂ Ω,
(1.10) sup
x∈K
|∂βx∂
α
ξ a(x, ξ)| ≤ cα,β,K〈ξ〉
µ−|α|.
Recall now that, for suitable N,C > 0, m(ξ) ≥ 1C 〈ξ〉
−N , π(ξ) ≤ C〈ξ〉
and λj(ξ) ≤ C〈ξ〉
C . Then setting, for any fixed α ∈ Zn+ and arbitrary
k ∈ Z+, µ = −N − k − (C − 1)|α| in (1.10), we obtain |∂βx∂
α
ξ a(x, ξ)| ≤
cα,βm(ξ)π(ξ)
−kΛ(ξ)−α, for suitable cα,β, that is a(x, ξ) ∈ Smπ−k,Λ(Ω) for
any k ∈ Z+. Then
(1.11)
⋂
k∈Z+
Smπ−k,Λ(Ω) ≡ S
−∞(Ω).
(4) Thanks to the relations with the Hörmander symbol classes (1.9), we can
define for a(x, ξ) ∈ Sm,Λ(Ω) the m−pseudodifferential operator a(x,D) by
means of (0.1).
For any weight vector Λ(ξ) andm(ξ) admissible weight, the operator a(x,D)
maps continuously C∞0 (Ω) to C
∞(Ω) and it extends to a bounded linear
operator from E ′(Ω) to D′(Ω).
(5) By OpSm,Λ(Ω) we denote the class of all the m−pseudodifferential oper-
ators with symbol in Sm,Λ(Ω), while O˜pSm,Λ(Ω) is the class of properly
supported m−pseudodifferential operators which map C∞0 (Ω) to C
∞
0 (Ω),
C∞(Ω) to C∞(Ω) and extend to bounded linear operators into E ′(Ω) and
D′(Ω).
(6) When a(x,D) is properly supported, for any fixed ψ ∈ C∞0 (Ω) we can
find φ ∈ C∞0 (Ω) such that ψa(x,D)u = ψa(x,D)φu, for any u ∈ D
′(Ω),
see [21, Prop. 3.4]. Moreover, for any a(x,D) ∈ OpSm,Λ(Ω), there exists
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a′(x,D) ∈ O˜pSm,Λ(Ω) whose symbol satisfies a′(x, ξ) ∼ a(x, ξ), that is
a′(x, ξ)− a(x, ξ) ∈ S−∞(Ω).
By means of the arguments in [19, Proposition 1.1.6] and [2], jointly with Remark
1.6 we obtain the following asymptotic expansion.
Proposition 1.7. For any sequence of symbols ak(x, ξ) ∈ Smπ−k,Λ(Ω), k ∈ Z+
there exists a(x, ξ) ∈ Sm,Λ(Ω) such that for every integer N ≥ 1:
(1.12) a(x, ξ)−
∑
k<N
ak(x, ξ) ∈ Smπ−N ,Λ(Ω) .
Moreover a(x, ξ) is uniquely defined modulo symbols in S−∞(Ω).
We write
(1.13) a(x, ξ) ∼
∞∑
k=0
ak(x, ξ),
if for every N ≥ 1 (1.12) holds.
The adjoint a(x,D)∗ of them−pseudodifferential operator a(x,D) ∈ OpSm,Λ(Ω)
is defined by the identity:
(1.14) (a(x,D)ϕ, ψ) = (ϕ, a(x,D)∗ψ), for any ϕ, ψ ∈ C∞0 (Ω),
where (f, g) =
∫
f g¯.
Proposition 1.8 (Asymptotic expansion). Consider a(x,D) ∈ OpSm,Λ(Ω) and
b(x,D) ∈ O˜pSm′,Λ(Ω), where m(ξ),m′(ξ) are admissible weights, both associated
to the same weight vector Λ(ξ). Then we have:
i) a(x,D)∗ ∈ OpSm,Λ(Ω) and a(x,D)∗ = a∗(x,D), where a∗(x, ξ) ∈ Sm,Λ(Ω)
satisfies the following aymptotic expansion:
(1.15) a∗(x, ξ) ∼
∑
α
1
α!
∂αξ D
α
x a¯(x, ξ)) , D
α := (−i)|α|∂α .
Moreover a(x,D)∗ ∈ O˜pSm,Λ(Ω) if a(x,D) is assumed properly supported.
ii) b(x,D)a(x,D) = c(x,D) ∈ OpSmm′,Λ(Ω) and
(1.16) c(x, ξ) ∼
∑
α
1
α!
∂αξ b(x, ξ)D
α
xa(x, ξ).
The proof directly follows from the arguments in [19, §1.2.2], and [23, §I.3].
Considering a(x, ξ) ∈ Sm,Λ(Ω) and using (1.8), (1.4), (1.1), (1.2), it immediately
follows that for any α, γ ∈ Zn+, K ⊂⊂ Ω,
sup
x∈K
|ξγ∂α+γξ a(x, ξ)| ≤Mα,γ,K〈ξ〉
N−c|α|
with some positive constants Mα,γ,K, N, c. Then Sm,Λ(Ω) ⊂ M
N
c,0(Ω). Here
M rρ,0(Ω), 0 < ρ ≤ 1, are the symbol classes defined in Taylor [22] given by all
the symbols a(x, ξ) ∈ Srρ,0(Ω) such that for any γ ∈ {0, 1}
n, ξγ∂γξ a(x, ξ) ∈ S
r
ρ,0(Ω).
Then applying the arguments in [22, Ch. XI, Prop. 4.5], see also [10, Theorem 4.1],
the next result immediately follows:
Theorem 1.9 (continuity). If a(x, ξ) ∈ SΛ(Ω), then, for any 1 < p <∞:
a(x,D) : Lpcomp(Ω) 7→ L
p
loc(Ω) continuously.
If a(x,D) is assumed to be properly supported, then it is bounded both as operator
into Lpcomp(Ω) and into L
p
loc(Ω).
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Let p(ξ) be a smooth function satisfying for every α ∈ Zn+ the estimate
(1.17) |∂αp(ξ)| < cαm(ξ)Λ(ξ)
−α, for some cα > 0.
Then, by means of (0.1), p(D)u := (2π)−n
∫
eix·ξp(ξ)uˆ(ξ) = F−1(puˆ) defines a
Fourier multiplier which maps the Schwartz space S(Rn) to itself, and extends to
a bounded map S′(Rn) 7→ S′(Rn).
It may be proved by means of technical arguments, see [14, §2, Prop. 3], that for
any admissible weight m(ξ) there exists a smooth equivalent weight m˜(ξ) whose
derivatives satisfy the estimates in (1.17).
Identifying now m(ξ) and m˜(ξ), we can define for 1 < p <∞ the weighted Sobolev
space:
(1.18) Hpm := {u ∈ S
′(Rn), such that m(D)u ∈ Lp(Rn)} .
Hpm may be equipped in natural way by the norm ‖u‖p,m := ‖m(D)u‖Lp and it
realizes to be a Banach space (Hilbert space in the case p = 2, with inner product
(u, v)m = (m(D)u,m(D)v)L2 ).
Using standard arguments it can be proved that S(Rn) ⊂ Hpm ⊂ S
′(Rn), with
continuous embeddings and moreover S(Rn) is dense in Hpm, 1 < p <∞.
For any open subset Ω ⊂ Rn the following local spaces may be introduced:
Hpm,loc(Ω) = {u ∈ D
′(Ω) such that, for anyϕ ∈ C∞0 (Ω), ϕu ∈ H
p
m} .(1.19)
Hpm,comp(Ω) =
⋃
K⊂⊂Ω
Hpm(K),(1.20)
where Hpm(K) is the closed subspace of H
p
m, consisting of the distributions sup-
ported in the compact set K.
Hpm,loc(Ω) equipped with the family of seminorms pψ(·) := ‖ψ ·‖m,p = ‖m(D)ψ ·‖Lp ,
ψ ∈ C∞0 (Ω) arbitrary, is a Fréchet space.
Hpm,comp(Ω) is provided with the inductive limit topology of the spaces H
p
m(K), for
K ranging on the collection of all compact subsets of Ω.
For any 1 < p <∞ we have the following embeddings with dense inclusion:
C∞0 (Ω) →֒ H
p
m,comp(Ω) →֒ H
p
m,loc(Ω) →֒ D
′(Ω).
Considering now m′(ξ) ≥ cm(ξ), thanks to Theorem 1.9, we have for any ψ ∈
C∞0 (Ω) and u ∈ C
∞(Ω),
‖m(D)(ψu)‖Lp = ‖
m(D)
m′(D)
m′(D)(ψu)‖Lp ≤ C‖m
′(D)(ψu)‖Lp .
The next local Sobolev embedding then immediately follows:
(1.21) Hpm′,loc(Ω) →֒ H
p
m,loc(Ω), when m
′(ξ) ≥ cm(ξ), for some c > 0.
Proposition 1.10. Assume m,m′ admissible weights, a(x, ξ) ∈ Sm′,Λ(Ω) and p ∈
]1,∞[. Then a(x,D) extends to a bounded linear operator:
a(x,D) : Hpm,comp(Ω) 7→ H
p
m/m′,loc(Ω).(1.22)
If moreover a(x,D) is a properly supported operator then the following maps are
continuous:
a(x,D) : Hpm,comp(Ω) 7→ H
p
m/m′,comp(Ω);(1.23)
a(x,D) : Hpm,loc(Ω) 7→ H
p
m/m′,loc(Ω).(1.24)
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Proof. Thanks to the topology of Hpm,comp(Ω), we need that for every K ⊂⊂ Ω
a(x,D) maps continuously Hpm(K) to H
p
m/m′,loc(Ω). To such purpose consider
φ ∈ C∞0 (Ω), such that φ(ξ) = 1 in K, then for any ψ ∈ C
∞
0 (Ω) we have:
(1.25)
‖ψa(x,D)u‖Hp
m/m′
= ‖ψa(x,D)(φu)‖Hp
m/m′
=
‖ mm′ (D)ψa(x,D)φ
m
m (D)u‖Lp = ‖
m
m′ (D)ψa(x,D)φ
1
m (D)m(D)u‖Lp .
Since mm′ (D)ψa(x,D)φ
1
m (D) admits symbol in SΛ(Ω) and moreover it extends to
an operator from S ′(Rn) to itself, we obtain that ‖ψa(x,D)u‖Hp
m/m′
≤ C‖u‖Hpm ,
which shows (1.22).
Considering now a(x,D) properly supported, the operator a(x,D)φ 1m (D)m(D)
maps E ′(Ω) into itself, thus (1.23) directly follows from (1.25).
Since a(x,D) is properly supported, for any ψ ∈ C∞0 (Ω) we can find another test
function φ ∈ C∞0 (Ω), such that ψa(x,D)u = ψa(x,D)φu, thus (1.24) directly fol-
lows by the calculus in (1.25). 
Definition 1.11. We say that a symbol a(x, ξ) ∈ Sm,Λ(Ω), or equivalentely the
operator a(x,D), is m-elliptic if for every K ⊂⊂ Ω, two positive constants cK , CK
exist such that
(1.26) |a(x, ξ)| > ckm(ξ), for any x ∈ K and |ξ| > CK .
Proposition 1.12 (parametrix). Let a(x, ξ) ∈ Sm,Λ(Ω) be a m−elliptic symbol.
Then a properly supported operator b(x,D) ∈ O˜pS1/m,Λ(Ω) exists such that:
(1.27) b(x,D)a(x,D) = Id+ ρ(x,D),
where ρ(x, ξ) ∈ S−∞(Ω) and Id denotes the identity operator.
See [19, Theorem 1.3.6] for the proof.
2. Minimal and maximal m-pseudodifferential operators
As introduction to this section let us recall some basic facts about duality in
a generical locally convex topological vector space X , for details and proofs the
reader can refer to [26, Ch. VII]
We say strong dual of X the space X ′ of linear continuous functions from X to
the complex field C and write 〈x, x′〉 = x′(x), x ∈ X , x′ ∈ X ′, endowed with the
strong topology defined by the seminorms pB(x
′) = supx∈B |〈x, x
′〉|, for B arbitrary
bounded subset of X .
ForX,Y locally convex topological vector spaces, take a linear operator T : X 7→ Y ,
defined in a linear subspace D(T ) ⊂ X , and consider a couple (x′, y′) ∈ X ′ × Y ′
which satisfies:
(2.1) 〈Tx, y′〉 = 〈x, x′〉, for any x ∈ D(T ).
Then x′ is uniquely determined by y′ if and only if D(T ) is dense in X , [26, Ch.
VII, Theorem 1].
Thus for any linear operator T : X 7→ Y , with domain D(T ) dense in X , we can
define the dual operator T ′ : Y ′ 7→ X , with domain D(T ′) given by all the y′ ∈ Y ′
such that (2.1) is satisfied for some x′ ∈ X ′. T ′ is univocally defined by setting
T ′y′ = x′. It moreover follows directly from (2.1):
(2.2) 〈Tx, y′〉 = 〈x, T ′y′〉, for any x ∈ D(T ), y′ ∈ D(T ′).
Recall now that a linear operator T : D(T ) 7→ Y , D(T ) linear subspace of X , is
said to be closed when its graph G(T ) = {(x, Tx), ;x ∈ D(T )} is a closed linear
subspace of X × Y . T is closable if the closure of G(T ) in X × Y is the graph of a
linear operator mapping X to Y .
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If X,Y are Fréchet spaces, or more generally quasi normed spaces, then T is closed
(closable) iff, for every sequence {xn} ⊂ D(T ),
lim
n→∞
xn = x, lim
n→∞
Txn = y, x ∈ X, y ∈ Y ⇒ x ∈ D(T ), T x = y(2.3) (
lim
n→∞
xn = 0 and lim
n→∞
Txn = y ⇒ y = 0
)
.(2.4)
Consider a closable linear operator T : X 7→ Y , X,Y Fréchet spaces; we can define
in a unique way the linear closed operator T0 as follows: x ∈ D(T0) iff there exists a
sequence {xn} ⊂ D(T ) such that limn→∞ xn = x and limn→∞ Txn = y ∈ Y exists,
we set then T0x = y. T0 is called the smallest closed extension of T in X . For more
details the reader can see [26, Ch II, §6].
Lacking for an adequate reference in Fréchet spaces, we prove the following
Proposition 2.1. Consider X,Y Fréchet spaces, X ′, Y ′ their strong dual spaces,
T : X 7→ Y linear operator with domain D(T ) dense in X and T ′ the dual operator
of T . Then
i) T ′ is a closed linear operator from D(T ′) ⊂ Y ′ to X ′.
ii) If W is an extension of T , then T ′ is an extension of W ′.
Proof. Assume that y′k → y
′ in Y ′ and T ′y′k → x
′ in X ′. By means of (2.2) we
have, for k = 1, 2, . . . , 〈Tx, y′k〉 = 〈x, T
′y′k〉, for any x ∈ D(T ). Letting now k →∞
we obtain, for any x ∈ D(T ), 〈Tx, y′〉 = 〈x, x′〉. It follows that y′ ∈ D(T ′) and
x′ = T ′y′, which proves i).
Take now y′ ∈ D(W ′) and assume that, for some x′ ∈ X ′ we have 〈Wx, y′〉 = 〈x, x′〉,
for any x ∈ D(W ). Since W is an extension of T , it follows that 〈Tx, y′〉 = 〈x, x′〉,
again for any x ∈ D(T ). Thus y′ ∈ D(T ′) and T ′y′ = x′ = W ′y′ and the proof is
concluded. 
Hereafter, assuming that m(ξ) ≥ c > 0, we consider the properly supported
m−pseudodifferential operators noted by Ta = a(x,D) ∈ O˜pSm,Λ(Ω) as linear
operators from Lploc(Ω) to itself with dense domain D(Ta) = C
∞
0 (Ω).
Proposition 2.2. Ta is a closable operator on L
p
loc(Ω), for any a(x, ξ) ∈ Sm,Λ(Ω),
m(ξ) ≥ c > 0 and 1 < p <∞.
Proof. Recall that O˜pSm,Λ(Ω) is continuous into C
∞
0 (Ω) and consider a sequence
fk ∈ C∞0 (Ω) such that fk
k→∞
→ 0 and Tafk
k→∞
→ g, both in Lploc(Ω). For fixed k,
taking any ψ ∈ C∞0 (Ω), we have:
(2.5) | (Tafk, ψ) | = | (fk, T
∗
aψ) | ≤ ‖fk‖Lp‖T
∗
aψ‖Lp′ ,
1
p
+
1
p′
= 1.
Notice that ‖fk‖Lp → 0, (Tafk, ψ) → (g, ψ) in C and ψ ranges all over C∞0 (Ω).
Thus we can end that g(x) = 0 almost everywhere, then g = 0 in Lploc(Ω). Since
C∞0 (Ω) is dense in L
p
loc(Ω), the proof is concluded. 
We can then consider the smallest closed extension Ta,0 of Ta and call it minimal
extension of Ta
Define now the operator Ta,1 as follows.
Definition 2.3. For Ta ∈ O˜pSm,Λ(Ω) , u ∈ L
p
loc(Ω) belongs to the domain D(Ta,1)
if there exists f ∈ Lploc(Ω) such that
(2.6) (u, T ∗aϕ) = (f, ϕ), for any ϕ ∈ C
∞
0 (Ω).
We set then Ta,1u = f .
Ta,1 is called maximal extension of Ta. Clearly C
∞
0 (Ω) ⊂ D(Ta,1) and Ta,1 is
linear.
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Proposition 2.4. For any Ta ∈ O˜pSm,Λ,
i) Ta,1 coincides with Ta in distribution sense;
ii) Ta,1 is a closed linear operator in L
p
loc(Ω).
Proof. Consider both u and Ta,1u as distributions in D′(Ω). Definition 2.3 gives
〈Ta,1u, ϕ¯〉 = 〈u, T ∗aϕ〉 for any ϕ ∈ C
∞
0 (Ω). On the other hand using (1.14) we have
〈Tau, ϕ¯〉 = 〈u, T ∗aϕ〉. Since ϕ¯ ranges all over C
∞
0 (Ω), we conclude that Tau = Ta,1u
in D′(Ω).
Consider now a sequence {uk} ⊂ D(Ta,1) such that uk → u and Ta,1uk → f ,
both in Lploc(Ω). Definition 2.3 assures that, for any ϕ ∈ C
∞
0 (Ω) and k = 0, 1 . . . ,
(uk, T
∗
aϕ) = (Ta,1uk, ϕ). Thus for k → ∞ we have (u, T
∗
aϕ) = (f, ϕ), that is
u ∈ D(Ta,1) and f = Ta,1u. The proof is then concluded. 
For the dual operator T ′a,1 defined by (2.2) we have the following properties.
Proposition 2.5. Consider a(x, ξ) ∈ Sm,Λ(Ω), with m(ξ) ≥ c > 0, ξ ∈ Rn. Then
i. C∞0 (Ω) ⊂ D(T
′
a,1);
ii. Ta,1 is an extension of Ta,0;
iii. Ta,1 is the largest closed extension of Ta having C
∞
0 (Ω) contained in the
domain of its adjoint T ′a,1.
Proof. We follow here the same lines as in the proof of [24, Propositions 12.6-12.9].
Statement i. Recall that D(T ′a,1) is defined to be the vector space of linear func-
tionals ℓ ∈ (Lploc(Ω))
′
such that
(2.7)
D(Ta,1) 7→ C
u 7→ 〈ℓ, Ta,1u〉
may be extended to a (unique) linear functional T ′a,1ℓ ∈ (L
p
loc(Ω))
′
. This means
that if for some λ ∈ (Lploc(Ω))
′
, 〈Ta,1u, ℓ〉 = 〈u, λ〉, then λ = T ′a,1ℓ; see (2.1). Let
ϕ ∈ C∞0 (Ω) be arbitrarily given. Using Definition 2.3, we obtain for u ∈ D(Ta,1):
(2.8) 〈Ta,1u, ϕ〉 = (Ta,1u, ϕ) = (u, T
∗
aϕ) = 〈u, λ〉 ,
with λ = T ∗a ϕ¯. On the other hand, Hölder’s inequality gives
(2.9) |〈u, λ〉| = |(u, T ∗aϕ)| ≤ ‖T
∗
aϕ‖Lp′(K)‖u‖Lp(K) ,
where 1p +
1
p′ = 1 and K is a compact subset of Ω containing the support of T
∗
aϕ
(recall that T ∗a is a properly supported operator and see Proposition 1.8). The
estimate (2.9) shows that the linear functional
(2.10) D(Ta,1) ∋ u 7→ 〈Ta,1u, ϕ〉
extends to a unique continuous linear functional in (Lploc(Ω))
′
; then ϕ ∈ D(T ′a,1),
in view of (2.8).
Statement ii. For arbitrary u ∈ D(Ta,0), there exist a sequence {ϕk} in C∞0 (Ω) and
a function f ∈ Lploc(Ω) such that
(2.11) ϕk → u and Taϕk → f in L
p
loc(Ω) , as k → +∞ ,
and we set Ta,0u = f .
For every ψ ∈ C∞0 (Ω), from (2.11) it follows that
(2.12) (ϕk, T
∗
aψ)→ (u, T
∗
aψ) and (Taϕk, ψ)→ (f, ψ) , as k → +∞ .
Since (Taϕk, ψ) = (ϕk, T
∗
aψ) for all k, then (f, ψ) = (u, T
∗
aψ), thus u ∈ D(Ta,1) and
Ta,1u = f .
Statement iii. Let B : D(B) ⊂ Lploc(Ω) 7→ L
p
loc(Ω) be a closed extension of Ta such
that C∞0 (Ω) is included in D(B
′). We need to prove that Ta,1 is an extension of
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B. In view of Proposition 2.1, we already know that T ′a extends B
′; let us consider
u ∈ D(B) and ψ ∈ C∞0 (Ω); since C
∞
0 (Ω) ⊂ D(B
′), we get
(2.13) 〈u, T ′aψ〉 = 〈u,B
′ψ〉 = 〈Bu, ψ〉 .
On the other hand, using the identity T ′aψ = T
∗
aψ, from (2.13) we get
(u, T ∗aψ) = 〈u, T
∗
aψ〉 = 〈ψ,Bu〉 = (Bu, ψ) .
Since ψ is arbitrary in C∞0 (Ω), the relation above shows that u ∈ D(Ta,1) and
Ta,1u = Bu. 
Remark 2.6. Thanks to the Propositions 2.1 and 2.5 T ′a,0 is an extension of T
′
a,1,
and its domain D(T ′a,0) contains C
∞
0 (Ω).
The following is an extension of the Agmon-Douglis-Nirenberg inequality [1].
Lemma 2.7. Let the weight function m = m(ξ) satisfy m(ξ) ≥ c > 0, for all ξ ∈
Rn, and the operator Ta ∈ O˜pSm,Λ(Ω) be m−elliptic. Then for every χ ∈ C∞0 (Ω)
there exist χ˜ ∈ C∞0 (Ω) and Cχ > 0 such that the following holds
(2.14) ‖χu‖Hpm ≤ Cχ {‖χ˜Tau‖Lp + ‖χ˜u‖Lp} , ∀u ∈ H
p
m,loc(Ω)
1.
Proof. Thanks to Proposition 1.12, a properly supported operator Tb exists, such
that b(x, ξ) ∈ S 1
m ,Λ
(Ω) and TbTa = Id+Tρ, with ρ(x, ξ) ∈ S−∞(Ω). Since Tb and Tρ
are properly supported, for an arbitrary χ ∈ C∞0 (Ω) another function χ˜ ∈ C
∞
0 (Ω)
may be found such that
(2.15) χu = χTbχ˜Tau− χTρχ˜u , ∀u ∈ H
p
m,loc(Ω) .
Since, by Proposition 1.10, χTb = Tχb and χTρ = Tχρ extend to continuous linear
operators from Hpm,loc(Ω) into L
p
loc(Ω) and moreover Tρ is a regularizing operator,
from (2.15) we get, for a suitable positive constant Cχ,
(2.16)
‖χu‖Hpm ≤
{
‖Tχbχ˜Tau‖Hpm + ‖Tχρχ˜u‖Hpm
}
≤ Cχ {‖χ˜Tau‖Lp + ‖χ˜u‖Lp} ,
that gives the desired estimate (2.14). 
Theorem 2.8. Consider an admissible weight m(ξ) ≥ c > 0, for all ξ ∈ Rn, and
let the operator Ta ∈ O˜pSm,Λ(Ω) be m−elliptic. Then
i) D(Ta,0) = H
p
m,loc(Ω);
ii) Ta,0 = Ta,1.
Proof. Statement i) Let u ∈ Hpm,loc(Ω). Since C
∞
0 (Ω) is dense in H
p
m,loc(Ω), we
may find a sequence {ϕk} of functions in C∞0 (Ω) such that ϕk → u in H
p
m,loc(Ω).
Hpm,loc(Ω) →֒ L
p
loc(Ω) since m(ξ) ≥ c > 0, then using Proposition 1.10 we obtain
that
(2.17) ϕk → u and Taϕk → Tau , as k →∞, in L
p
loc(Ω) .
This shows that u ∈ D(Ta,0), then H
p
m,loc(Ω) ⊆ D(Ta,0).
Conversely, assume u ∈ D(Ta,0); by definition of Ta,0 there exists again a sequence
{ϕk} in C∞0 (Ω) such that
(2.18) ϕk → u and Taϕk → f , as k→∞, in L
p
loc(Ω) ,
for some f ∈ Lploc(Ω). Hence {ϕk} and {Taϕk} are Cauchy sequences in L
p
loc(Ω)
and, thanks to the estimate (2.14) (where u is replaced by ϕk − ϕh), {ϕk} is a
Cauchy sequence in Hpm,loc(Ω), then ϕk → v, for some v ∈ H
p
m,loc(Ω), as k → ∞.
1Notice that Hp
m,loc
(Ω) →֒ Lp
loc
(Ω), in view of m(ξ) ≥ c > 0 cf. (1.21).
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But, since the sequence {ϕk} is also convergent to u in L
p
loc(Ω), in view of (1.21),
we have that u = v ∈ Hpm,loc(Ω). This shows that D(Ta,0) ⊆ H
p
m,loc(Ω).
Statement ii) Ta,0 is the smallest closed extension of Ta : C
∞
0 (Ω) 7→ L
p
loc(Ω), then,
thanks to Proposition 2.5 and the first part of theorem, it suffices to prove that
D(Ta,1) ⊆ H
p
m,loc(Ω). Let u ∈ D(Ta,1), arguing on the ellipticity of the symbol
a(x, ξ), as in the proof of Proposition 2.5, we find that
(2.19) u = TbTau− Tρu ,
where b(x, ξ) ∈ S1/m,Λ(Ω), ρ(x, ξ) ∈ S
−∞(Ω) and the operators Tb and Tρ are
properly supported. By Proposition 2.4, Ta,1u = Tau in the distribution sense.
Thus by definition of Ta,1, Tau ∈ L
p
loc(Ω). Since Tb ∈ O˜pS1/m,Λ(Ω), it follows
from Proposition 1.10 that TbTau ∈ H
p
m,loc(Ω). On the other hand, since u ∈
Lploc(Ω) and Tρ is a regularizing properly supported operator, Tρu ∈ H
p
m,loc(Ω) also
follows from Proposition 1.10. By (2.19) we then get u ∈ Hpm,loc(Ω). This gives
D(Ta,1) ⊆ H
p
m,loc(Ω) which ends the proof. 
3. Microlocal properties
As a direct application of Proposition 1.12 we have:
Proposition 3.1 (Regularity of solution to elliptic equations). Consider p ∈]1,∞[,
m(ξ), m′(ξ) admissible weights, a(x, ξ) ∈ Sm′,Λ(Ω) m′−elliptic symbol. Then for
every u ∈ E ′(Ω) such that a(x,D)u ∈ Hpm/m′,loc(Ω), we obtain u ∈ H
p
m,comp(Ω). If
a(x,D) is properly supported, then u ∈ Hpm,loc(Ω) for every u ∈ D
′(Ω) such that
a(x,D)u ∈ Hpm/m′, loc(Ω).
Proof. We argue directly in the case where a(x,D) is properly supported, the gen-
eral case being completely analogous. Thanks to Proposition 1.12, there exists
b(x,D) ∈ O˜pS1/m′,Λ(Ω), such that b(x,D)a(x,D) = Id + ρ(x,D), with ρ(x, ξ) ∈
S−∞(Ω). Since ρ(x,D) is a regularizing operator and a(x,D)u ∈ Hpm/m′, loc(Ω), we
can conclude from (1.22) that u = b(x,D) (a(x,D)u)− ρ(x,D)u ∈ Hpm,loc(Ω). 
Since the complete lack of any homogeneity property of Λ(ξ) and m(ξ) prevents
us from defining the characteristic set of a(x,D) in terms of conic neighborhoods
in Rnξ , let us introduce the following alternative tools.
The Λ-neighborhood of a set X ⊂ Rn with length ε > 0, is defined as the open set:
(3.1) XεΛ :=
⋃
ξ0∈X
{
|ξj − ξ
0
j | < ελj(ξ
0), for j = 1, . . . , n
}
.
Moreover for x0 ∈ Ω we set:
(3.2) X(x0) := {x0} ×X , XεΛ(x0) := Bε(x0)×XεΛ,
where Bε(x0) is the open ball in Ω centered at x0 with radius ε. The following
properties of Λ-neighborhoods can be immediately deduced from [20, Lemma 1.11]
(see also [14] for an explicit proof). For every ε > 0 a suitable 0 < ε∗ < ε, depending
only on ε and Λ, can be found in such a way that for every X ⊂ Rn:
(Xε∗Λ)ε∗Λ ⊂ XεΛ;(3.3)
(Rn \XεΛ)ε∗Λ ⊂ R
n \Xε∗Λ.(3.4)
Definition 3.2. A symbol a(x, ξ) ∈ Sm,Λ(Ω) is m−microlocally elliptic in a set
X ⊂ Rnξ at the point x0 ∈ Ω if there exist positive constants c0, R0 such that
(3.5) |a(x0, ξ)| ≥ c0m(ξ), when ξ ∈ X, |ξ| > R0 .
We write in this case a(x, ξ) ∈ mcem,Λ(X(x0)). By Opmcem,Λ(X(x0)) we mean
the class of the m−pseudodifferential operators with symbol in mcem,Λ(X(x0)).
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According to the notation introduced in Remark 1.6(2), we write respectively
mceΛ(X(x0)) and OpmceΛ(X(x0)) for the classes of zero order symbols in SΛ(Ω)
that are m−microlocally elliptic in X at x0 and the related pseudodifferential op-
erators.
Lemma 3.3. If a symbol a(x, ξ) ∈ mcem,ΛX(x0) , x0 ∈ Ω, then there exists a
suitable ε > 0 such a(x, ξ) ∈ mcem,ΛXεΛ(x0), that is for suitable constants C,R > 0
(3.6) |a(x, ξ)| ≥ Cm(ξ), for (x, ξ) ∈ XεΛ(x0), |ξ| > R .
Proof. Let the symbol a(x, ξ) ∈ Sm,Λ(Ω) be m−microlocally elliptic in X ⊂ Rn at
the point x0 ∈ Ω and let ξ
0 ∈ X be arbitrarily fixed. Since Ω is open, a positive
ε∗ can be found in such a way that the closed ball Bε∗(x0) is contained in Ω; for
0 < ε < ε∗ and (x, ξ) ∈ XεΛ(x0), a Taylor expansion of a(x, ξ) centered in (x0, ξ0)
gives
(3.7) a(x, ξ)− a(x0, ξ0) =
n∑
j=1
(xj − xj0)∂xja(xt, ξ
t)dt+ (ξj − ξ0j )∂ξja(xt, ξ
t)dt ,
where (xt, ξ
t) := ((1 − t)x0 + tx, (1 − t)ξ0 + tξ) for a suitable 0 < t < 1. Since
|ξtj − ξ
0
j | = |t||ξj − ξ
0
j | < ελj(ξ
0) and |xjt − x
j
0| = |t||x
j − xj0| < ε, using (1.8) we can
find C∗ > 0, depending only on ε∗, such that
(3.8) |a(x, ξ) − a(x0, ξ
0)| ≤
n∑
j=1
εC∗m(ξt) + ελj(ξ
0)C∗m(ξt)λ−1j (ξ
t) .
In view of (1.3), (1.5), ε > 0 can be chosen small enough such that
(3.9)
1
Cλj(ξ
0) ≤ λj(ξt) ≤ Cλj(ξ0) , 1 ≤ j ≤ n ,
1
Cm(ξ
0) ≤ m(ξt) ≤ Cm(ξ0),
for a suitable constant C > 1 independent of t and ε. Then (3.8), (3.9) give
(3.10) |a(x, ξ) − a(x0, ξ
0)| ≤ Cˆεm(ξ0) ,
with a suitable constant Cˆ > 0 independent of ε.
Let the condition (3.5) be satisfied by a(x, ξ) with positive constants c0, R0. Pro-
vided that 0 < ε < ε∗ is taken sufficiently small, one can find a positive R, depend-
ing only on R0, such that |ξ| > R and |ξj − ξ0j | < ελj(ξ
0) for all 1 ≤ j ≤ n yield
|ξ0| > R0; indeed, from (1.1) we have
|ξ − ξ0| ≤
n∑
j=1
|ξj − ξ
0
j | < ε
n∑
j=1
λj(ξ
0) ≤ nCε∗(1 + |ξ0|)
C ,
and then
|ξ| ≤ |ξ0|+ |ξ − ξ0| ≤ |ξ0|+ nCε∗(1 + |ξ0|)C .
Hence, it is sufficient to choose R such that R > R0 + nCε
∗(1 +R0)
C .
Since |ξ0| > R0, the microlocal m−ellipticity of a(x, ξ) yields
(3.11) |a(x0, ξ
0)| ≥ c0m(ξ
0) ;
then (3.10) and (3.11) give for (x, ξ) ∈ XεΛ(x0) and |ξ| > R
(3.12) |a(x, ξ)| ≥ |a(x0, ξ
0)| − |a(x, ξ)− a(x0, ξ
0)| ≥ (c0 − Cˆε)m(ξ
0) ≥
c0
2
m(ξ0) ,
up to a further shrinking of ε > 0. From (3.12), the condition (3.6) follows at once,
by using that m(ξ) ≈ m(ξ0). 
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Lemma 3.4. For arbitrary ε > 0 and X ⊂ Rn there exists a smooth function
σ(ξ) satisfying (1.17), such that suppσ ⊂ XεΛ and σ(ξ) = 1 if ξ ∈ Xε′Λ, for a
suitable ε′, satisfying 0 < ε′ < ε, depending only on ε and Λ. Moreover for every
x0 ∈ Ω there exists a symbol τ0(x, ξ) ∈ SΛ(Ω) such that supp τ0 ⊂ XεΛ(x0) and
τ0(x, ξ) = 1, for (x, ξ) ∈ Xε∗Λ(x0), with a suitable ε∗ satisfying 0 < ε∗ < ε.
For proof see [20, Lemma 1.10].
Definition 3.5. We say that a symbol a(x, ξ) ∈ Sm,Λ(Ω) is rapidly decreasing in
Θ ⊂ Ω × Rn if there exists a0(x, ξ) ∈ Sm,Λ(Ω) such that a(x, ξ) ∼ a0(x, ξ) and
a0(x, ξ) = 0 in Θ
Theorem 3.6. For every symbol a(x, ξ) ∈ mcem,ΛX(x0), x0 ∈ Ω, there exists a
symbol b(x, ξ) ∈ S1/m,Λ(Ω) such that the associated operator b(x,D) is properly
supported and
(3.13) b(x,D)a(x,D) = Id + c(x,D),
where c(x, ξ) ∈ SΛ(Ω) is rapidly decreasing in XrΛ(x0) for a suitable r > 0.
Proof. By Proposition 3.3, there exists ε > 0 such that a(x, ξ) ∈ mcem,ΛXεΛ(x0).
Let τ0(x, ξ) be a symbol in SΛ(Ω) such that τ0 ≡ 1 on Xε′Λ(x0), for a suitable
0 < ε′ < ε, and supp τ0 ⊂ XεΛ(x0). We define b0(x, ξ) by setting
(3.14) b0(x, ξ) :=


τ0(x, ξ)
a(x, ξ)
for (x, ξ) ∈ XεΛ(x0),
0 otherwise .
Since a(x, ξ) satisfies (3.6), with suitable constants C,R, b0(x, ξ) is a well defined
smooth function on the set Ω × {|ξ| > R}. For k ≥ 1, the functions b−k(x, ξ) are
defined recursively on Ω× {|ξ| > R} by
b−k(x, ξ) :=

 −
∑
0<|α|≤k
1
α!∂
α
ξ b−k+|α|(x, ξ)
Dαx a(x, ξ)
a(x, ξ)
, for (x, ξ) ∈ XεΛ(x0),
0 otherwise.
The b−k(x, ξ) can be then extended to the whole set Ω× Rn, multiplying them by
a smooth cut-off function that vanishes on the set of possible zeroes of the symbol
a(x, ξ); for each k ≥ 0, the extended b−k is a symbol in Sπ−k/m,Λ(Ω). In view of
the properties of the symbolic calculus, a symbol b ∈ S1/m,Λ(Ω) can be chosen in
such a way that
b ∼
∑
k≥0
b−k ,
and b(x,D) is a properly supported operator. By construction, the symbol of
b(x,D)a(x,D) is equivalent to τ0(x, ξ); thus the symbol of b(x,D)a(x,D) − Id
belongs to SΛ(Ω) and is rapidly decreasing in XrΛ(x0) for 0 < r ≤ ε′. 
Definition 3.7. A family ΞΛ of subsets of R
n is a Λ-filter if it is closed with respect
to the intersection of any finite number of its elements and moreover:
X ∈ ΞΛ and X ⊂ Y, then Y ∈ ΞΛ;(3.15)
for any X ∈ ΞΛ, there exists Y ∈ ΞΛ and ε > 0 such that YεΛ ⊂ X.(3.16)
Definition 3.8. For X ⊂ Rn, x0 ∈ Ω and p ∈]1,∞[ we say that u ∈ D′(Ω) is
microlocally Hpm−regular in X at the point x0 ∈ Ω, and write u ∈ mclH
p
mX(x0),
if there exists a properly supported operator a(x,D) ∈ OpmceΛX(x0), such that
a(x,D)u ∈ Hpm,loc(Ω).
14 GIANLUCA GARELLO AND ALESSANDRO MORANDO
Proposition 3.9. For u ∈ D′(Ω) and a(x, ξ) ∈ Sm,Λ(Ω), the following families of
subsets of Rn:
Wpm,x0u := {X ⊂ R
n ; u ∈ mclHpm(R
n \X)(x0)} , 1 < p <∞;(3.17)
Σm,x0a := {X ⊂ R
n , a(x, ξ) ∈ mcem,Λ(R
n \X)(x0)} ,(3.18)
are both Λ-filters.
We refer to the Λ-filters in the previous Proposition respectively as:
- filter of Sobolev singularities of u ∈ D′(Ω)
- characteristic filter of a(x, ξ) ∈ Sm,Λ(Ω).
Proof. It is trivial that Wpm,x0u and Σm,x0a are closed with respect to the intersec-
tion of finite number of their elements and satisfy (3.15). Take now X ∈ Σm,x0a.
Using Lemma 3.3 we have, for some ǫ > 0, a(x, ξ) m−microlocally elliptic in
(Rn \ X)ǫΛ(x0). Set Y = R
n \ (Rn \ X)ǫΛ. By means of (3.4) we have for some
0 < ε < ǫ:
(3.19) YεΛ = (R
n \ (Rn \X)ǫΛ)εΛ ⊂ R
n \ (Rn \X)εΛ ⊂ X.
The same can be easily verified for Wpm,x0u and the proof is then concluded. 
Concerning the filter of Sobolev singularities of a distribution, the following result
can be proven by arguing similarly to [20, Proposition 2.8].
Proposition 3.10. The following conditions are equivalent:
a. ∅ ∈ Wpm,x0u;
b. there exists φ ∈ C∞0 (Ω), with φ(x0) 6= 0, such that φu ∈ H
p
m;
c. there exist X1, . . . , XH ⊂ Rn, with
H⋃
h=1
Xh = R
n, such that
u ∈ mclHpmXh(x0) for h = 1, . . . , H.
Proof. Assume that ∅ ∈ Wpm,x0u. Then there exists a(x,D) ∈ O˜pSΛ(Ω), with
microlocally elliptic symbol in the set {x0} × Rn, such that a(x,D)u ∈ H
p
m,loc(Ω).
Thanks to Theorem 3.6, there also exists b(x,D) ∈ O˜pSΛ(Ω) such that
(3.20) u = b(x,D)a(x,D)u − c(x,D)u ,
where c(x,D) ∈ O˜pSΛ(Ω) has rapidly decreasing symbol in a set Br(x0)×R
n with
a sufficiently small r > 0. Take a function φ ∈ C∞0 (Ω), with suppφ ⊂ Br(x0) and
φ ≡ 1 on Br/2(x0), such that
(3.21) φ(x)c(x, ξ) ∈ S−∞(Ω) ,
and let φ˜ ∈ C∞0 (Ω) be chosen such that
(3.22) φc(x,D)u = φc(x,D)(φ˜u) .
In view of Proposition 1.10 (and using in particular that φc(x,D)(φ˜·) is a regular-
izing operator), from the equations (3.20)-(3.22) we get
(3.23) φu = φb(x,D)a(x,D)u − φc(x,D)(φ˜u) ∈ Hpm ,
hence condition b is satisfied.
Conversely, assume that φu ∈ Hpm, for a suitable function φ ∈ C
∞
0 (Ω), φ(x0) 6= 0;
then we have that (a.) holds true by considering the function φ(x) itself as a symbol
in SΛ(Ω) microlocally elliptic in {x0} × Rn.
The equivalence between conditions a and c follows at once from the general prop-
erties of the filters. 
We can then state the main result of this section:
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Theorem 3.11. For m, m′ arbitrary admissible weights, associated to the same
weight vector Λ, consider a(x,D) ∈ O˜pSm,Λ(Ω), x0 ∈ Ω, p ∈]1,∞[. Then for any
u ∈ D′(Ω) we have:
(3.24) Wpm′/m,x0a(x,D)u ∩ Σx0a ⊂ W
p
m′,x0
u ⊂ Wpm′/m,x0a(x,D)u.
The proof directly follows from two next propositions.
Proposition 3.12. Let x0 ∈ Ω, X ⊂ R
n, a(x,D) ∈ O˜pSm,Λ(Ω) be given. Then
for p ∈]1,∞[ and u ∈ mclHpm′X(x0) one has a(x,D)u ∈ mclH
p
m′/mX(x0).
Proof. From Definition 3.8, there exists b(x,D) ∈ O˜pSΛ(Ω), with m−microlocally
elliptic symbol, such that b(x,D)u ∈ Hpm′,loc(Ω). From Theorem 3.6 there also
exists an operator c(x,D) ∈ O˜pSΛ(Ω) such that
(3.25) c(x,D)b(x,D) = Id + ρ(x,D) ,
where ρ(x, ξ) ∈ SΛ(Ω) is rapidly decreasing in XrΛ(x0) for some 0 < r < 1. Let
r∗ > 0 be such that
(3.26) (Rn \XrΛ)r∗Λ ⊂ R
n \Xr∗Λ , 0 < r
∗ < r ,
and take a symbol τ0(x, ξ) ∈ SΛ(Ω) satisfying
supp τ0 ⊂ Xr∗Λ(x0) , τ0 ≡ 1 on Xr′Λ(x0) ,
with a suitable 0 < r′ < r∗. Finally, let τ(x, ξ) be a symbol such that θ0(x, ξ) :=
τ(x, ξ) − τ0(x, ξ) ∈ S−∞(Ω) and τ(x,D) ∈ O˜pSΛ(Ω). One can check (see [14] for
details) that τ(x, ξ) is m−microlocally elliptic in X at x0; in particular, τ(x, ξ) =
θ0(x, ξ) ∈ S
−∞(Ω) for (x, ξ) /∈ Xr∗Λ(x0).
Arguing as in the proof of [14, Theorem 2], from (3.25) we write
τ(x,D)a(x,D)u = τ(x,D)a(x,D)c(x,D)(b(x,D)u) − τ(x,D)a(x,D)ρ(x,D)u .
Since τ(x,D)a(x,D)c(x,D) ∈ O˜pSm,Λ(Ω) and b(x,D)u ∈ H
p
m′,loc(Ω) then we get
τ(x,D)a(x,D)c(x,D)(b(x,D)u) ∈ Hpm′/m,loc(Ω). Moreover, it can be shown that
in view of (3.26)
ϕ(x)τ(x,D)a(x,D)ρ(x,D)u ∈ C∞0 (Ω) ⊂ H
p
m′/m ,
for every ϕ ∈ C∞0 (Ω), so that τ(x,D)a(x,D)ρ(x,D)u ∈ H
p
m′/m,loc(Ω) (for the
details see [14, Theorem 2]).
This proves that τ(x,D)a(x,D)u ∈ Hpm′/m,loc(Ω) and ends the proof. 
Proposition 3.13. For x0 ∈ Ω, X ⊂ Rn, let the symbol of a(x,D) ∈ O˜pSm,Λ(Ω)
be m−microlocally elliptic in X at the point x0. Then for every p ∈]1,∞[ and
u ∈ D′(Ω) such that a(x,D)u ∈ mclHpm′/mX(x0) one has u ∈ mclH
p
m′X(x0).
Proof. From Definition 3.8, there exists b(x,D) ∈ O˜pSΛ(Ω)m−microlocally elliptic
in X at x0 such that
(3.27) b(x,D)a(x,D)u ∈ Hpm′/m,loc(Ω) .
From Theorem 3.6 there exist c(x,D) ∈ O˜pSΛ(Ω) and q(x,D) ∈ O˜pS1/m,Λ(Ω) such
that
(3.28) c(x,D)b(x,D) = Id+ ρ(x,D) , q(x,D)a(x,D) = Id+ σ(x,D) ,
with ρ(x, ξ), σ(x, ξ) ∈ S−∞(Ω) rapidly decreasing in XrΛ(x0) for a suitable 0 < r <
1.
16 GIANLUCA GARELLO AND ALESSANDRO MORANDO
Let the symbols τ0(x, ξ), τ(x, ξ) ∈ SΛ(Ω) be constructed as in the proof of Propo-
sition 3.12. It can be proved that τ(x,D)u ∈ Hpm,loc(Ω), by writing
(3.29)
τ(x,D)u = τ(x,D)q(x,D)c(x,D) (b(x,D)a(x,D)u)
−τ(x,D)q(x,D)ρ(x,D)a(x,D)u − τ(x,D)σ(x,D)u ,
where the identities (3.28) have been used, and applying similar arguments as in
the proof of Proposition 3.12 (see also [14, Theorem 3]). 
4. Some examples
For M = (1, 2) we can define in R2 the quasi-homogeneous weight function
〈ξ〉M =
(
1 + ξ21 + ξ
4
2
)1/2
and the weight vector ΛM (ξ) =
(
〈ξ〉M , 〈ξ〉
1/2
M
)
. For sim-
plicity of notation we set Hp〈·〉sM
= Hs,pM , s ∈ R.
Example 4.1. Let us introduce the following operators
P (x, ∂) = x1∂x1 − ∂x22 with symbol p(x, ξ) = ix1ξ1 + ξ
2
2 ;(4.1)
Q(x, ∂) = x1∂x1 + i∂x1 − ∂x22 with symbol q(x, ξ) = ix1ξ1 − ξ1 + ξ
2
2 .(4.2)
Let us set Ω := R2 \ {x1 = 0}. As operators in OpS〈·〉M ,ΛM (Ω), P (x, ∂) and
Q(x, ∂) are m-elliptic with respect to the weight function m(ξ) = 〈ξ〉M ; we say in
this case that they are M - elliptic. Thus for both the operators the minimal and
maximal extensions in Lploc(Ω) coincide and their domain is the local Sobolev space
H1,pM,loc(Ω).
As operator in S〈·〉M ,ΛM (R
2), Q(x, ∂) is M−microlocally elliptic at every point
x0 = (0, x02), with arbitrary x
0
2 ∈ R, in any set of the family
(4.3) Xk =
{
(ξ1, ξ2) ∈ R
2 ; ξ1 < (1− k)ξ
2
2 or ξ1 >
1
1− k
ξ22
}
, 0 < k < 1,
and we write Q(x, ∂) ∈ mqeXk(x0). Thus the characteristic filter Σx0q admits as
base of filter the family of sets
(4.4) (R2 \Xk) =
{
(1− k)ξ22 ≤ ξ1 ≤
1
1− k
ξ22
}
, 0 < k < 1.
Applying Theorem 3.11 we obtain that any solution to the equation Q(x, ∂)u = f ,
with f ∈ Hs,pM,loc(R
2) is microlocally Hs+1,pM regular in any set {x
0} × Xk, with
x0 = (0, x02) and 0 < k < 1.
Notice now that p(x, ξ), q(x, ξ) may be considered as principal symbols of P (x, ∂),
Q(x, ∂) with respect to the quasi-homogeneous weight 〈·〉M . Introducing now the
M -characteristic set of Q(x, ∂):
(4.5) CharMQ =
{
(x, ξ) ∈ R2x × R
2
ξ \ {0} , q(x, ξ) = 0
}
,
we have
CharMQ =
{
(0, x2, ξ1, ξ2); x2 ∈ R , ξ1 = ξ
2
2 , ξ2 6= 0
}
= {0}×R×
⋂
0<k<1
(R2 \Xk).
Let us observe at the end that any set Xk is M -conic, that is for any ξ ∈ Xk
and t > 0 we have t1/M ξ := (tξ1, t
1/2ξ2) ∈ Xk. The same clearly holds for R
2 \Xk
and CharMQ, agreeing with [13, Definition 4.3].
About the operator P (x, ∂) we can notice that for x0 = (0, x02), with an arbitrary
x02 ∈ R, p(x
0, ξ) = 0 if and only if ξ2 = 0; thus the M -characteristic set CharMP =
{(0, x2, ξ1, 0); ξ1 6= 0} coincides with the classical (conic) characteristic set Char
P .
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Notice moreover that the heat operator ∂x1−∂x22 is clearlyM -elliptic, as operator
in S〈·〉M ,ΛM (R
2), while the Schroedinger operator i∂x1 − ∂x22 is M−microlocally
elliptic at any point x0 ∈ R2 in the family of set expressed in (4.3).
Let us define now the positive function in R2
(4.6) λ(ξ) := (1 + ξ61 + ξ
4
1ξ
4
2 + ξ
6
2)
1/2,
which may be considered as multi-quasi-homogeneous weight in Example 1.2 (2).
Precisely λ(ξ) =
(∑
α∈V (P) ξ
2α
)1/2
, where V (P) = {(0, 0), (3, 0), (2, 2), (0, 3)} are
the vertices of a complete Newton polyhedron. Roughly speaking the normal vector
to any face of P not laying on the coordinate axes has not zero components, see [5,
§1.1], [10]. Moreover again from [5, §1.1], we have that the formal order of λ(ξ) is
µ = 6. Then Λ(ξ) =
(
λ(ξ)1/6 + |ξ1|, λ(ξ)1/6 + |ξ2|
)
is a weight vector and, for any
r ∈ R, λ(ξ)r is an admissible weight, see example 1.2 (2).
Example 4.2. Consider the linear partial differential operators in OpSλ,Λ(R
2):
A(x, ∂) = (x1∂x1 − ∂x22)(x2∂x2 − ∂x21),(4.7)
B(x, ∂) = (x1∂x1 + i∂x1 − ∂x22)(x2∂x2 + i∂x2 − ∂x21).(4.8)
According to the rules of the symbolic calculus (see Proposition 1.8), their symbols
a(x, ξ) and b(x, ξ) can be written in the form
a(x, ξ) = (ix1ξ1 + ξ
2
2)(ix2ξ2 + ξ
2
1) + 2ξ
2
2 ,(4.9)
b(x, ξ) = (ix1ξ1 − ξ1 + ξ
2
2)(ix2ξ2 − ξ2 + ξ
2
1) + 2ξ
2
2 .(4.10)
The term 2ξ22 that appears in the right-hand side of both formulas (4.9), (4.10)
behaves as a lower order symbol with respect to the weight function (4.6). Hence
from the ellipticity properties of P (x, ∂) and Q(x, ∂) collected in the example 4.1,
we find that A(x, ∂) and B(x, ∂) are λ-elliptic as operators in OpSλ,Λ(Ω), where we
have set Ω := R2 \
⋃
j=1,2
{xj = 0}. Applying Theorem 2.8 we obtain in both cases
that the minimal and maximal extensions of those operators in Lploc(Ω) coincide,
with domain given by Hpλ,loc(Ω).
As operators in OpSλ,Λ(R
2), A(x, ∂) and B(x, ∂) fail to be λ−elliptic at the
points of the coordinate axes. Using again the results about the operator Q(x, ∂)
given in the example 4.1, the behavior of the operator B(x, ∂) along the coordinate
axes can be summarized as follows.
i. At any point x0 = (0, x02) (with an arbitrary x
0
2 6= 0), the symbol of
B(x, ∂) reduces to b(x0, ξ) = (−ξ1 + ξ22)(ix
0
2ξ2 − ξ2 + ξ
2
1) + 2ξ
2
2 , hence
it is λ−microlocally elliptic in all sets Xk of the type (4.3) with arbitrary
0 < k < 1. This also means that the characteristic filter Σx0b admits as
base the family of sets:{
ξ ∈ R2 ; (1 − k)ξ22 ≤ ξ1 ≤
1
1− k
ξ22
}
0<k<1
.
Arguing similarly on the other points of the coordinate axes, we obtain that:
ii. at any point y0 = (y01 , 0) (with an arbitrary y
0
1 6= 0), the characteristic filter
Σy0b admits as base the family of sets:{
ξ ∈ R2 ; (1 − k)ξ21 ≤ ξ2 ≤
1
1− k
ξ21
}
0<k<1
;
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iii. at the origin 0 = (0, 0), the characteristic filter Σ0b admits as base the
family of sets:
ξ ∈ R2 ;
(1− k)ξ22 ≤ ξ1 ≤
1
1−k ξ
2
2
or
(1− k′)ξ21 ≤ ξ2 ≤
1
1−k′ ξ
2
1


0<k,k′<1
.
Applying Theorem 3.11 we obtain that for any solution u of the equation B(x, ∂)u =
f ∈ Hpλs,loc(R
2), the filter of Sobolev singularities Wpλs+1,x0u at every point x
0 =
(x01, x
0
2) belonging to the coordinate axes (that is such that x
0
1x
0
2 = 0) contains the
characteristic filter Σx0b.
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